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Minimum Time Maneuver of Flexible Systems
Using Pulse Response Based Control

Jeffrey K. Bennighof* and Murugan Subramaniam?’
University of Texas at Austin, Austin, Texas 78712-1085

The pulse response based control method is applied to minimum time maneuver of flexible structures. When
pulse response based control is applied to linear systems, a state-variable representation of the system is not needed,
because system behavior is represented in terms of outputs resulting from pulses in control inputs, without modal
truncation. However, for maneuver problems, nonlinear behavior associated with rapid large-angle rotation can be
significant. A method is presented for taking nonlinear effects into account by explicitly modeling response in only
the lowest few flexible modes and using the results to correct the measured pulse response upon which a minimum
time control profile is based. A numerical example demonstrates that even for extremely rapid maneuver, nonlinear
effects only need to be considered for a very small number of flexible modes, so that requirements for identification

and computation are very low.

Introduction

N the minimum time maneuver of flexible spacecraft, bounded

control inputs are used to accomplish a given change in rigid-
body modal states as quickly as possible, with minimal vibration at
the end of the maneuver. A number of differentapproacheshave been
taken to address problemsin whichnonlinearbehavioris significant,
and some of these are briefly reviewed here.

Turner and Junkins' representflexible motion in terms of several
assumed modes and minimize a quadratic performance index with
a single-actuator control, with specified final states and final time.
A continuation method is used to obtain a solution of the nonlinear
two-pointboundary value problem that results when kinematic non-
linearity is presentin the formulation. Turner and Chun? extend this
approachfor the case in which a number of actuators are distributed
throughout the structure.

Meirovitch and Quinn® develop a perturbationapproachin which
the rigid-body maneuveris taken as a zero-orderproblem, and small
motions, including flexible motions and small rigid-body motions,
are treated as a first-order perturbationfor nonlinearflexible maneu-
ver problems. The rigid-body maneuver problemis solved using an
inverse dynamics approach in which the required zero-order feed-
forward control torques are obtained from the nonlinear rigid-body
equations of motion. The first-order, linear vibration problem with
time-varying coefficients is solved independently using feedback
control.

Chun et al.* obtain a frequency-shapedopen-loop control for the
rigid-body modes, using a continuationmethod to handle nonlinear-
ity, and then design a feedback control for the flexible motion by lin-
earizing the flexible response about several points in the open-loop
rigid-body trajectory. In later work, they replace the solution of the
open-loop problem for the rigid-body modes with a programmed-
motion/inverse dynamics approach, where the trajectories of the
rigid-body modes are simply specified as smooth functions and the
required control torques are obtained from the nonlinearrigid-body
equations of motion.’

Meirovitchand Sharony® use the perturbationapproachdescribed
earlier and use a minimum time (bang-bang) control to handle the
rigid-body problem and a linear quadratic regulator with integral
feedback and prescribed convergence rate to drive the flexible mo-
tion to zero at the end of the maneuver. Bounds on control inputs are
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only considered in the design of the rigid-body portion of the con-
trol, and so, as in all of the work mentioned thus far, a true minimum
time control problem for the flexible maneuver is not solved.

Minimum time control is investigated by Ben-Asher et al.,’ in
which the flexible behavior is modeled in terms of a small number
of assumed modes, and switching times for the bang-bang control
of this model are found for both linear and nonlinear problems using
a parameter optimization approach. More recently, Junkins et al.}
have pursued an approachin which near minimum time maneuveris
achieved by smoothing a bang-bang control profile, and a Lyapunov
stable feedback control is designed to suppress the flexible motion
that is excited by this profile. This approach has the advantage of
requiring very little model data for the system even when nonlinear
behavioris present.

There are several factors that contribute to the difficulty of mini-
mum time flexible maneuver problems, and these are all related to
modeling the flexible behavior of the spacecraft. First, there is the
difficulty of accurate system identification for realistic spacecraft.
Second, because the systems to be controlled are distributed param-
eter systems, they typicallyrequire high-ordermodels for represent-
ing all significant behavior, and this greatly increases computational
requirementsassociatedwith control, particularlyif anonlineartwo-
point boundary value problem must be solved. Third, a finite-order
model is guaranteedto have a bang-bang minimum time control, for
which only the switching times must be determined. However, the
minimum time control for the distributed parameter system being
modeled is not ordinarily bang-bang, so that the optimal control
profileis qualitatively quite differentfrom the minimum time control
of a finite-order model of the system.

Recently, a new approach to minimum time control of flexible
spacecraftknown as pulse response based control (PRBC) has been
developed.!” For linear problems, a state-variable representationof
the system is not required. Pulses in control inputs, of finite ampli-
tude and width, are applied to the system, and sensor measurements
of the response to these pulses are recorded. Then sensor measure-
ments of response to a sequence of pulses, i.e., a piecewise constant
functionof time, in the control input(s) can be obtained by using this
response data in a convolutionsum. A true minimum time problem
is solved by finding a control profile that results in measurements
consistent with the desired final state of the system, with a minimal
number of time steps. The two-point boundary value problem en-
countered in a standard optimal control approach is replaced with
a numerical optimization problem, for which an efficient algorithm
has been developed. This approach has the advantages that pulse re-
sponse measurementscan be obtainedmuch more quickly and easily
than the state variable representation required for conventional ap-
proaches, using the control hardware that is already required for the
mission of the spacecraft. The pulse response measurementscontain
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contributions from all of the modes of the system. If the pulses are
in the actuator commands, rather than in the actual forces or mo-
ments applied to the system, actuator dynamics will be represented
in the pulse response as part of the dynamics of the overall system.
The precision with which the final state of the linear system can be
specified is limited only by the observability of the system with the
given outputs. The control history obtained is not bang-bang, and
the only known exact solution of a minimum time control problem
for a flexible structure, which happens to be piecewise constant in
time, is easily obtained using PRBC. "

The PRBC method is extended so that nonlinear behavior associ-
ated with large-anglerotationin maneuver problems can be handled.
Usually nonlinear behavior is significant in only a very small num-
ber of flexible modes, and explicit knowledge of these modes is
required for the approach presented. However, most of the modes
whose response is significant exhibit linear behavior, which is still
represented in terms of pulse response so that very few modal data
need to be known explicitly. Collocated actuators and sensors are
not required in this approach, as they are for methods based on
Lyapunov stability theory. The amount of computationrequired for
nonlinear problems is not much greater than the amount required
for linear problems.

In the second section, the PRBC method is briefly presented. The
extension of the method to nonlinear problems is discussed in the
third section. In the fourthsection,anumerical exampleis presented.
The final section contains conclusions.

PRBC

Suppose a linear dynamic system is controlled by a single input
u(t), with no otherexcitations,and its responseis measured in terms
of m outputs that constitutea vectory(¢). If the system s initially at
rest and a square pulse in u(¢) of unit amplitude and duration At is
applied, and the outputs are sampled every Af for a total time nA¢,
an m X n pulse response matrix H is obtained of the form

H = {y(nAt) yl(n—1A1] y(An}

= hy - byl )

The matrix H is a very simple example of a generalized Hankel
matrix. Whereas generalized Hankel matrices are useful in realiza-
tion methods,'? recall that the method presented here is intended to
minimize the need for system identification.

If the system is initially at rest and a control profile u(¢) that is
constant over each time step At betweent = 0 and ¢t = nAt is
applied to the system, so that the control inputis equal to u; over the
ith time step, the outputvectoratn At can be found by superposition,
interms of a convolutionsum. Each value u; is multiplied by a vector
in the pulse response matrix H just given, so that the output vector
is given by

y(nAt) = Zhiui = Hu )

i=1

whereu = [u, u, --- u,]”.

If there are p inputs, the entries u; in the vector u are replaced by
u; = [u; u,,,l-]T and the vectors h; must be replacedby m x p
submatrices H;. The pulse response matrix H must then be filled
by applying pulses in the control inputs one at a time and sampling
the outputs resulting from each pulse every At for 0 < t < nAt.
The outputs resulting from a pulse in the first control input will fill
the first vector of each submatrix H; in H, and each of the other
p — 1 columns in a submatrix H; will be obtained from response to
a pulse in another control input.

If a control task, which consists of driving the system from rest
at =0 to a desired state at a time 7y =nAt, is successfully ac-
complished by a control profile of the type just described, the set of
linear equations

y(t;) = Hu 3)

must be satisfied by the control profile u, where the vector y(¢,)
contains outputs consistent with the desired final state of the system.

Also, if there is no excitation of the system after 7, the outputs at a
time 7, + j At must be given by the equations

y(y, +jAt):[H1—j anj]u “4)
where the time-shifted submatrix H; _; contains outputs measured
n + j time steps after applying test pulses in control inputs, for
example, and where the outputs y(f; + jAr) must be consistent
with the desired state of the system at 7,, with free response after
tr.

These observationssuggestthe following approachto a minimum
time control problem when control inputs are bounded. Find the
smallest integer n such that there exists a control history vector
u=[ul - ull" satisfying the equations

and the input bounds, typically of the form
B! <u;; < BY, j=1l...p; i=1...,n (6

in which Bj. and BY are lower and upper bounds for the jth con-
trol input. The vector y ; contains outputs at 7, and at [ time steps
afterward:

y(tr)
_ y(tf + At)
yr = . @)
y(tf +1At)
and the matrix H is given by
H, H, --- H,
_ H, H - H,_,
H= . . . ®)
Hl—[ HZ—I Hn—[

The number of time steps / for which outputs are specified after
t; determines the accuracy with which the desired final state is
achieved. Satisfaction of Eq. (5) is a necessary but not sufficient
condition for accomplishing the control task exactly. It has been
shown that the precision with which the final state of the system can
be specified is limited only by the observability of the system with
the given outputs.'

The effect of measurement noise on the accuracy of the outputs
at the end of the control task has also been investigated. With the
assumptions that error due to noise in the pulse response data is
zero mean and uncorrelatedin time and that measurementhardware
is selected appropriately for pulse response signal levels, so that
mean square error can be expected to be proportional to the mean
square value of the signal, it is found that the expected values of the
predicted outputs are equal to the correct values, and the covariance
matrix for the output vector at the end of the control history is
inversely proportional to the number of time steps in the control
history. This reflects the averaging of error that takes place in the
convolution sum. The error in pulse response data can be reduced
further by repeatedly generating pulse response measurements and
averaging the results, in which case the covariance matrix for a
column of H is inversely proportional to the number of samples
averaged.

Ordinarily the inertial properties of spacecraft are known very
accurately, in comparison with modal properties. In this case, it is
straightforwardto determineresponsein rigid-body modes to pulses
inthe controlinputsso thatrigid-bodymode statesat 7, can be added
to the vector of specified outputsy .

The PRBC method addressesthe minimum time problem by find-
ing the minimum number of time steps for which a control profile
exists satisfying Eq. (5) and the inequality constraints correspond-
ing to input bounds. An efficient algorithm has been developed to
solve this optimization problem using linear programming methods.
The algorithm initially generates approximate minimum time con-
trol histories with large time steps, so that the number of unknowns
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and the computational cost are reduced. These approximate results
give good initial guesses for solutions with smaller time steps. The
H matrix corresponding to wide pulses can be synthesized easily
from narrow pulse data. For example, if square pulses are used, the
H9%" matrix for a time step size of ¢ At, where ¢ is an integer, can
be obtained from the H ' matrix for a time step size of Az by adding
together groups of ¢ successive submatrices of H*', as in
29

HaM = Zq: HiAt Z HI_At 9)

i=1 i=q+1

In the algorithm, g is initially taken to be a power of 2, so that min-
imum time control histories with time steps equal to g Az, gAt/2,
qAt/4, etc., are successively obtained to satisfy increasing num-
bers of equality constraints. The algorithm checks the accuracy of
the control profile by computing outputs for several time steps af-
ter the end of the control history for which outputs have not been
specified. This is done for the first time, for reference, with the first
minimum time control profile found, for which only the final rigid-
body mode states are specified and the largest time step size ATy
equal to g At is used. A vector (eunsp)o 18 defined as

e(ty)

e(t; + ATy)

(éunsp)O = . (10)
e(t; +kATy)

where each vectore is the errorin the output vectory, k is an integer,
and?; is the final time obtained for this profile. For each new control
profile obtained in the algorithm, a vector

e(tunsp)
e(tunsp + ATO)
. an

Cunsp =

e(tunsp + kATyH)

is obtained, in which fu,y = flaq + ATy, Where fi is the last time
step for which outputs have been specified for the current profile.
The ratio of norms of these two vectors

”éunsp”Z

= s 12
T Gompol (12)

is used as an indicator of how accurately the desired final state has
been achieved. Note that R can be calculated easily from pulse re-
sponse data. In principle, if the control task is accomplishedexactly,
there will be no error in outputs at any time after the end of the con-
trol history. In implementation of the algorithm, allowable values
for R must be specified for each change in time step size and for
final termination of the computation.

A brief outline of the algorithm for linear systems follows.

1) Obtainthe pulseresponsematrix H for time step A¢, from mea-
surements of the system response. Also, given the system’s inertial
properties, calculate a matrix of rigid body mode pulse response
Hp, for which each row corresponds to one of the specified rigid
body mode states. From matrices H*' and H5', obtain H>A!, H*A',
etc., and HZ*', H* , etc., as described earlier. Set AT equal to the
largest time step size for which these matrices are generated.

2) First, solve the problem for the time step size AT considering
only rigid-body mode states.

a) Choose a numberof time steps 7 > (£ )yigia /AT, where (£ )rigia
is the minimum time interval in which the desired change in rigid-
body mode states can be accomplished with a set of p ideal control
inputs having the given input bounds. It is assumed for simplicity
that n is chosen so that it is not possible to achieve the final rigid-
body mode states with fewer than n time steps.

b) Check whether the linear system H5"u = yg has a feasible
solutionsubjectto the inputbounds using linear programming meth-
ods. The upper-bounded simplex method'? is appropriate since the
unknowns are subject to both upper and lower bounds. If a feasible
solution does not exist, the number of time steps must be increased.

If a feasible solution exists, a control profile achieving the desired
final rigid-body mode states has been found. This profile will be
modified over the course of the algorithm until the final solution is
obtained. The norm of the error in unspecified outputs at the final
timen AT and at severallater time stepsis calculated for comparison
later in the algorithm.

3) Solve minimum time problems with outputs specified for an
increasing number of time steps at the end of the control profile.

a) So that outputs can be specified at the final time, set

- HAT

Find a control profile resulting in the desired rigid-body mode states
and outputs at the final time, if one exists, by obtaining a feasible
solution of Hu =y, where y , now contains both the final rigid-
body mode states and the outputsat the final time. In general, outputs
will be specified at the first time step of length AT at the end of the
control history for which outputs have not yet been specified. Then
the matrix H will take the form

Hyl - Hp/

HAT HAT
— 1 n
H = HAT ... HAT

n—1

with a new row added each time outputs are specified for an ad-
ditional time step. Similarly, a new subvector of outputs will be
appended to y; each time outputs are specified for another time
step.

b) If a feasible solution cannotbe found, the number of time steps
n must be increased by one. If a feasible solution exists, compute
unspecified outputs at time steps at the end of the control profile, and
check whether the ratio R is less than a value specified by the user
for the current step size. If not, specify outputs for anothertime step,
find a feasible control profile, and check again. If so, decrease the
time step size by half.

4) To continue with a time step of half the size, set AT < AT /2
and n <— 2n. The currentcontrol profile u is converted for the smaller
step size by inserting, after the subvector for each time step, a du-
plicate copy of that subvector. Because the time step size has been
halved, it becomes necessary to investigate the existence of a con-
trol profile satisfying the same set of equality constraints and the
input bounds and having fewer time steps than the new value of n.
The existence of a feasible control profile having n — 1 time steps
is investigated by determining whether the control inputs for the
first time step can be driven to zero in a feasible solution. If so, the
question of whether the number of time steps can be reduced even
further is addressed in the same manner. If not, a minimal number
of time steps has been found for which a feasible control profile
with the time step size AT exists. At this point, the number of time
steps for which outputs are specified is againincreased, starting with
the time 7, + AT, since outputs have already been specified for 7,
t; +2AT,t; +4AT, etc. This continuesuntil the ratio R decreases
below the value specified for the current step size. Then the time
step size is halved again.

5) When the time step size At is reached, the minimum time
control profile can be approximated with the maximum accuracy
permitted by the pulse response data. The number of time steps for
which outputs are specified is increased until the ratio R decreases
below the value specified for the final result. The solution procedure
is terminated at this point, since the desired final state of the system
has been obtained with the specified accuracy.

The algorithmis demonstratedin the Numerical Example section
of this paper.

PRBC for Nonlinear Maneuver Problems
The PRBC approach described is appropriate for distributed pa-
rameter systems whose behavior is linear. However, for flexible
structures undergoing rapid large-angle rotations, nonlinear behav-
ior associated with rotational motion will be significant and must be
taken into account. The pulse response measurements essentially
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represent a linearization about the state of the system when the
pulses are applied, and so nonlinear behavior will result in a devi-
ation from this linearization. The basic approach for dealing with
the nonlinearityis to use the pulse response measurements to obtain
an initial approximation of the minimum time control profile and
the minimum time trajectory for the system, and then to correct the
pulse response measurements so that they represent a linearization
about this trajectory, at least in those modes that exhibit significant
nonlinear behavior. Then the minimum time problem can be solved
again with corrected pulse response data. If the new minimum time
trajectory differs significantly from the one based on the original
pulse response data, the data can be corrected again so that a more
accurate control profile can be found. In this section, the procedure
for correcting pulse response measurements so that they represent
a linearization about a given trajectory is presented.

For a deformablebody that can undergolarge rigid body displace-
ments and small elastic deformations, the instantaneous position
vector of any point on the body is given by

R=R,+r+d (13)

where R locates the origin of a reference frame and is expressed in
terms of an inertial frame, r is the position vector from this origin to
the point in the undeformed position, and d is the elastic displace-
ment. If the vectors r and d are expressed in terms of a frame that
rotates with angular velocity w, the kinetic energy of the system is
given by

1 . . 1 - 1
T:—MRO-RO—l——/d-ddm—l——/[wx(r—l—d)]
2 2, 2y
-[wx(r+d)]dm+Ro-wx/(r+d)dm
M

+R0-/ddm+w-/(r+d)xddm (14)
M M

where M is the total mass of the structure. It is advantageousto use
a floating reference frame for the flexible structure to simplify the
equations of motion. Using the Tisserand frame,'* which is subject
to the constraints

/(r-l—d)dm:O
M

the first of which merely requires the reference frame to be cen-
troidal, the expression for the kinetic energy becomes, after some
manipulation,

/(r+d)xd'dm=0 (15)
M

1o
T=-MR. R.+=
2 2/M

.. 1
d-ddm+ —w-w/(r—l—d)
2 M

-(r+d)ydm — l/[w-(r—l—d)]zdm (16)
2 M

The origin of the reference frame is now located at the instantaneous
center of mass of the structure, which has R, as its position vector.

For clarity, PRBC is applied to a simple example problem in
which a uniform Bernoulli-Euler beam is to be rotated through a
large angle in minimum time. For this beam, the transverse elastic
displacement is represented as v(x, ), and the vectorsr, w, and d
are written in terms of unit vectors i, j, and k as r = xi, w = 0k,
and

D Y 2 ges
d(x,1) =v(x,t)]—5 v'(&,1)° d&i a7

0

where only up to quadratic terms in v(x, f) and its derivatives are
retained. The kinetic and potential energies for the system become

1 . .1 ftr - U
T=—-mLR. R, + — m| (x60)- + (v0)” +v
2 2 _Lp
L 22_ 2 )
_ ((/)Tx>92v’2:| dx (18)

and

1 L/2
V= —/ EIv*dx (19)
2 —L/2

where m is the mass per unit length, £/ the flexural rigidity, and
L the length of the beam. The beam is controlled by transverse
force inputs at its ends, so that the nonconservative virtual work,
linearizedin v(x, ), is

5‘/Vnc = (Fl + FZ)J : 5RL + Flav(L/zv t)

+ Fy8v(=L/2,1) + (F, — F»)(L/2)86 (20)

Applying the extended Hamilton’s principleresults in ordinary dif-
ferential equations for translationand rotation and a partial differen-
tial equation governing the flexible response. For a pure rotational
maneuver the translational equations of motion are not needed, and
the control inputs must be related by

Fi(t) = —F,@) =u@®) 21

Because of the choice of the Tisserand frame the equation governing
the rotation angle 6 is uncoupled from the flexible motion and is
given by

(mL3/12)6 = Lu (22)

Once the minimum time control problem associated with a given
H matrix has been solved for a control profile u(z), this equation
can be integrated to obtain 6 (¢), which appears in the equation gov-
erning the flexible response and must be used to correct the pulse
response measurements. The flexible response is governed by the
partial differential equation

mi — (m6?/2){[(L?/4) — x>} + EIV" —mb>v =0 (23)
with boundary conditions

ElV' | —s1p =0, EIV |c_yp=—u@) (24)
The terms involving 62 in Eq. (23) represent the nonlinear effects.
The control inputs are subject to the bounds |u(t)| < B, and the
control task is to carry out a rest-to-rest rotational maneuver in
minimum time, with no residualenergy at the end of the task. Hence,
the initial and final conditions become

0(0)=06(0)=0(t;) =0,  0(t;) =6 (25)

and
v(x,0) =0(x,0) = v(x,t;) = v(x,1;) =0
—L/2<x<L/2 (26)

The modes of a free-free uniform beam can be used to discretize
the partial differential equation governing the flexible motion. The
symmetric modes need not be considered due to the anti-symmetric
nature of the problem. The mass-normalized antisymmetric flexible
modes are given by

2
b=

sinh(B, L /2) sin 8,x + sin(B, L /2) sinh ﬂ,x:|
mL

[sinh®(B, L /2) — sin®(B, L/2)]'/2
r=1,2,... (27)
where the B, are roots of the characteristic equation cos 8, L cosh

B,L = 1 associated with the antisymmetric modes. The displace-
ment v(x, f) can now be written as

V(1) = Y b @) (1) (28)

r=1

Note that the choice of the Tisserand reference frame makes the
flexible displacement v(x, t) orthogonal to rigid-body motion due

to Egs. (15).
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For nonlinear systems the matrix H contains measurements of
the system response to pulse inputs and represents the response lin-
earized about the state of the system when the pulses are applied.
The modification of H so thatitrepresentsresponselinearizedabout
a maneuver trajectory can be approximated by considering the non-
linear response of a finite number of modes. Modal equations of
motion are obtained by inserting the representation of Eq. (28) in
the partial differential equation of motion and exploiting the orthog-
onality properties of the modes. The modal equations of motion are
given by

. L L
0, +a)fn, — 0%y, + 62 Zk”.nx = 2u¢,(3 r=1,...,p

s=1

(29)

where p is the number of modes used to model the nonlinear effects
and the geometric stiffening constants k,; are given by

1 L/2 L2
k,, == / m(— - x2>¢;¢; dx (30)
2J.p 4
Using the flexible mode state vectorx = [, -+ 7,7 -+ 1,17,
state equations can be written as
i= (A +60%A4;)x + Bu 31)
in which
0 I 0 0
A= . 5 , A, = (32)
—diag(w;) O I-K 0
and

26,(L/2)]" (33)

If the control input is piecewise constant, the solution of Eq. (31) is
given by

B=[0" 2¢,(L/2)

x(iAt) = ®[iAL, (( — DAt x[( — DAt]+T[iAt, (i — 1) At u;
= ®;x;_ + T (34)

where the state transition matrix ® and the input matrix I" have the
usual definitions. From the state equations, itis evidentthat ® and I
depend on the angular velocity 6, which varies slowly so that these
matrices can be approximatedby taking 6 to be equalto 6[(i — 1) At]
over the ith time step. It is convenient to parametrize them in terms
of 0 so that

@ ~ O(0[( — DA}, N ~T{O1G — DA} (35)
Denoting the contribution to the output vector y from the first p
antisymmetric flexible modes by y, = Cx, the linear relationship
between u, andy,(nAr) is obtained using

x, = ®,x,_1 +T,u, (36)
so that
y,(nAr) = C(,x,_1 + T,u,) (37

With this in mind, a vector AY" taking nonlinear behavior into ac-
count and representing a linearization about the trajectory in 6 is
available from

N =nt +c(T, - T%) (38)

Here, h% is from the original pulse response measurements, and so
itrepresentsa linearizationabout the state of the system when pulse
response measurements were obtained, and I'” is the input matrix
evaluated using the angular velocity of the system when pulses in
control inputs were applied. Working backward from the final time
nAt, the state vector at (n — 1) At can be written as

xn—1:¢n—1xn—2+rn—lun—l (39)

and, hence, the vector kY- | is given by
W =hnt_ +cC(o,,_, —TE) (40)

where @’ is the state transition matrix evaluated with the angular
velocity equal to that of the system when pulses in control inputs
were applied. In general, the vector BN" , is given by

i—1
. =n_ +cC (]_[ cb,,,-)r,,,- —(@"'r* (41)

i=0

Generalization of these results for the multi-inputcase in which the
vector kN . is replaced by the submatrix H\", is straightforward.

The algorithm described in the preceding section can be used to
solve the minimum time problem of a nonlinear system by correct-
ing the H matrix as the algorithm proceeds. The H matrix can be
corrected whenever the algorithm switches from a larger time step
to a smaller time step, using the last control profile obtained with
the larger time step. The angular velocity history used to make this
correction can be expected to approach the true angular velocity
profile as the size of the time step is reduced. The steps followed
in making the nonlinear correction are illustrated with a numerical
example.

Numerical Example

The preceding section describes the minimum time maneuver
problem for large angle rotation of a flexible slender beam by means
of transverseforce inputs at the ends of the beam. In this section, the
solution of this problemis obtained using PRBC. The exactsolution
of this minimum time control problem is not known. The angle of
rotation is taken to be 6, = 90 deg in this example. The results
obtained are valid for uniform beams of various lengths and cross-
sectional propertiesas long as their deformation does not violate the
Bernoulli-Euler assumptions.

The bounds for the control inputs are of the form |u(t)| < B.
The ratio of the input bound to the angle of rotation B /6, is chosen
based on the time required to carry out the desired maneuver on a
rigid uniform bar with the same mass. For a rigid bar, the minimum
time controlis bang-bang, and the final time (Z)yjgiq can be related
to the ratio B/6, by considering the angle at midmaneuver, which

must be

2

@ _ l BL (t £ )rigia 42)
2 " 2mL12\" 2

If the bang-bang minimum time solution for the rigid system is
applied to the flexible system, the residual energy at the end of the
control history will depend on how small (#;),g4 is compared to
the natural periods of the system. A time scale characterizing the
dynamics of the system is taken to be the period T of the lowest
(symmetric) flexible mode. The ratio B /6, is chosen so that (f ;),igid
isequal to 7 /2. Hence, an extremely rapid maneuveris desired, and
if the bang-bang control profile for the rigid system were applied to
the flexible beam, a very large amount of residual vibration could
be expected. Note that the minimum time for control of a uniform
second-orderone-dimensional system with unbounded inputs at its
two ends is equal to one-halfof the period of the first flexible mode.’

The state transition matrix of the system whose state equations
appearinEq. (31) canbe obtainedusing Kinariwala’s procedure I51f
0% A, canberegardedas a perturbationof A, thenthe state transition
matrix can be approximated as

D@t + At 1) ~ O (t + At, ) + 02(1) Do (t + At, 1) (43)

Ay At

where &, = ¢ , and &, can be obtained using

t+ At
O, (t + AL, 1) = / D (t + At, 1) AP (7, 1) dt (44)
t

If the control input is piecewise constant, the solution of Eq. (31)
can be approximated by

x(t + A1) ~ (@) + 62, )x(r) + () +6°To)u  (45)
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where the matrices I'; and I'; are available from

t+ At t+ At
I, =/ ®,(z, t)B dr, I, =/ O, (7, t)Bdr
t t

(46)
The accuracy with which the final state of the system approxi-

mates the desired final state is measured in terms of the residual
energy at the end of the control task, given by the modal sum

1mL? . I,
ETQZ(U) + > Z [Uf(ff) + )»rnrz(ff)] 47)

r=1

Eeo =

The residual energy is normalized against the maximum energy in
the rigid bar’s minimum time control, which occurs at midmaneuver,

and is given by

3 2

E, . = 1mL (ﬂ) (48)
2 12 \ (f)rigia

The final rigid-body mode states are specified along with outputs
specified in y,, so that there will be no error in these states. As
a result, the first term in the residual energy will be zero. Also,
for this example, displacement and velocity sensors are taken to be
located at one end of the beam. Only one end of the beam needs
to be considered because only antisymmetric modes are excited by
the antisymmetric control. Hence, y , will contain displacementand
velocity at one end of the beam at time steps at the final time 7, and
afterward.

Althoughit mightbe obtained experimentally in practice, for this
example the pulse response matrix H of the systemis generated with
0(t) = 0 using a modal simulation. As many as 100 antisymmetric
modes are included in Eq. (28) to ensure that the effects of modal
truncation will be negligible. An approximate solution of the linear
problemassociated with this pulse response matrix is obtainedusing
a time step size of AT = 8At, where At = (t;)z4/160 is the
smallest time step that will be used in the solution process. The
first approximate solution is obtained using the algorithm for linear
problems that was describedearlier. Initially, only the final states for
the rigid-body mode are specified, so that the minimum time control
profile is bang-bang. Then, displacement and velocity outputs for
one end of the beam are specified for the final time 7, and for
additional time steps after the end of the control profile. Time steps
for which outputs are specified are added until the ratio of errors in
unspecified outputs R from Eq. (12) decreases to less than 20%, a
level selected arbitrarily for this stage in the solution process.

The control profile obtained is then used to compute the angu-
lar velocity history using Eq. (22). This angular velocity history is
shown in Fig. 1 as trajectory A. Based on this trajectory, ®; and T';
matrices are computed using Eq. (35), and these are used to correct
individual columns of H* using Eq. (41) so that the solution can
proceed with the smaller time step AT = 4At. For this example,
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Fig.1 Angular velocity profiles computed as AT is reduced.
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Fig.2 Reduction in ratio of error norms as algorithm proceeds.

nonlinear effects in the first two antisymmetric flexible modes are
computed to correct the pulse response data.

The minimum time problem associated with the corrected H
matrix is now solved approximately using a time step size of
AT = 4At. Additional outputs are specified until R is driven to
less than 4% of its original bang-bang value, i.e., 20% of the value
allowed at the termination of computation with AT = 8At. The
resulting angular velocity profile is shown in Fig. 1 as trajectory
B. The difference between trajectories A and B is nonnegligible.
The H?*" matrix is then corrected so that the pulse response data
represents linearization about trajectory B, and the minimum time
maneuver problem is solved with a time step size 2At. Finally, the
matrix H%' is corrected and the minimum time problem is solved
for the last time.

TrajectoriesC and D obtainedas a resultof the last two corrections
are nearly identical, indicating that trajectory D can be taken to be a
good approximationof the minimum time trajectory. The minimum
time for the control task is found to be 7, = 0.5125T', once outputs
have been specified for 21 time steps after ;. From Fig. 1, the
maximum angular velocity is about 3.36, /7T . Because 6, = 7/2 in
this example, the maximum velocity of the rigid-body mode is about
0.8w,, where w, is the natural frequency for the first (symmetric)
bending mode of the beam.

It is illuminating to compare the manner in which R, the ratio
of norms of error in unspecified outputs, and the residual energy in
the nonlinear system at the end of the maneuver decrease over the
course of the solution process. Figure 2 shows how R varies over the
course of the algorithm. Two points are plotted for the same number
of specified outputs every time the time step size is halved. The
first value of R is obtained with an H matrix that has not yet been
corrected for linearization about a new trajectory, and the second
value is obtained with a corrected H matrix.

Figure 3 shows how the residual energy decreases over the course
of the computation. Before the H matrix is corrected the first time,
specifying additional outputs is not effective in reducing residual
energy. After the first correction, though, the correspondence be-
tween R and the residual energy at the end of the maneuver is much
better. When nonlinear behavior in two flexible modes is taken into
account, the residual energy for the nonlinear system is ultimately
driven to less than 0.2% of the midmaneuver energy for minimum
time control of a rigid bar.

For comparison, if nonlinear behaviorin only one mode is taken
into accountin correcting H, the residual energy is driven to 0.8%
of midmaneuverenergy. If the original pulse response data are used
to obtain a minimum time control profile with no correction for
nonlinear effects, the residual energy in the nonlinear system, after
halving the time step size several times and specifying outputs for
a number of time steps as in the example presented, is equal to
20.2% of midmaneuver energy. This is a substantial increase over
the residual energy of 13.9% that results from applying the rigid
bar’s bang-bangminimum time control profile to the flexible system.
This demonstrates that the maneuver considered in this example
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Table 1 CPU time for each time step size

Time step Number of steps

size AT in control history CPU time,* s

8At 22 0.14

4At 46 8.47

2At 83 16.13

At 164 40.56

Total CPU time 65.30

2CPU time for 125-MHz HyperSPARC processor.
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Fig.3 Variation in residual energy over course of algorithm.
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Fig.4 Minimum time control profile for nonlinear maneuver.

problem is rapid enough that correcting for nonlinear behavior is
essential.

The minimum time control profile is shown in Fig. 4. The control
inputs are equal to an upper or lower bound for most but not all of the
control history. This is typical of minimum time profiles for flexible
systems, in contrast to finite-order systems for which control inputs
are at the bounds over the entire control history.

Figure 5 shows the displacementof the beam during the rotational
maneuver at intervals of 0.2¢,. The dotted lines indicate the posi-
tion of the Tisserand frame. The first antisymmetric flexible mode
dominates the flexible motion of the beam during the maneuver.
However, at the end of the maneuver, the third mode dominates the
flexible behaviorof the beam, contributingas much as 74 % of the fi-
nalresidualenergy. This is because nonlineareffects in only the first
two modes have been considered in correcting the pulse response
measurements.

Table 1 shows how much computation time is spent approximat-
ing the minimum time control profile with each time step size. The
number of time steps in the control history is for the final result
obtained with each time step size. The CPU times indicate that the
total amount of computation required is quite modest.

Fig. 5 Deformed beam and reference frame orientation during ma-
neuver.

Since the amount of residual energy at the end of the maneuver is
very low, and the algorithm used to solve the minimum time prob-
lems ensuresthata control profile satisfying the specified constraints
with fewer time steps does not exist, a very accurate solution of the
minimum time maneuver problem has been found.

Since the maneuver is accomplished here using open-loop con-
trol, a natural question is whether feedback control can be imple-
mented easily with PRBC, to deal with noise and unmodeled non-
linear behavior and to preferably introduce some desirable stability
properties. Another question is whether implementation of PRBC
on a more complex structure will introduce significant complica-
tions. A third question is whether PRBC can be implemented with
much less computationrequired before a maneuver can be initiated.
Reference 16 presentsresults of applying PRBC to a more complex
system, with stable feedback control and negligible computation
required before a maneuver can begin.

Conclusions

A method is presented for applying PRBC to minimum time flex-
ible maneuver involving nonlinear behavior associated with rapid
large-angle rotation. Advantages of this approach are that linear
behavior is represented in terms of pulse response measurements
without modal truncation or a need for a state-variablerepresenta-
tion, and it is not necessary to solve a two-point boundary value
problem. For maneuver problems, the nonlinearity is handled by
correcting pulse response measurements to account for nonlinear
behaviorin a few flexible modes. The control profile obtained using
PRBC is not bang-bang, which is appropriate since the exact mini-
mum time control profile for the distributedsystem is not ordinarily
bang-bang.

The numerical example demonstrates that the number of modes
for which nonlinearbehavior must be considered can be very small,
even for a very accurate solution for an extremely rapid maneuver.
This means that identification requirements can be very low when
this method is used. As mentioned at the end of the last section,
more recent work has addressed implementation of PRBC on more
complex systems, combined with stable feedback control.
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